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In the proof of Theorem 1.1 in our recent paper [1, page 1212] we used F.-Y. Wang’s argument
from [3, Theorem 1.1, Part (a), page 474]. Unfortunately, we discovered that this argument has
a gap since ψ ′(ξ) (our paper [1, page 1212]) or η1(u)+ c0S(|u|2) (F.-Y. Wang [3, page 474]) is
not necessarily the characteristic exponent of a Le´vy process. We will now show how to correct
this shortfall. We use the notation of [1].
1. Decomposition of the characteristic exponent
Let ψ be the symbol (characteristic exponent) of a d-dimensional Le´vy process given by
ψ(ξ) = 1
2
⟨Qξ, ξ⟩ + i ⟨b, ξ⟩ +
∫
z≠0

1− e−i ⟨ξ,z⟩ + i ⟨ξ, z⟩1{|z|≤1}

ν(dz)
where Q = (q j,k)dj,k=1 is a positive semi-definite matrix, b ∈ Rd is the drift vector and ν is the
Le´vy measure, i.e. a measure on Rd \ {0} such that z≠0(|z|2∧1) ν(dz) <∞. Moreover, assume
as in [1] that
ν(dz) ≥ |z|−d f (|z|−2) dz (*)
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for some Bernstein function f : (0,∞)→ [0,∞),
f (λ) = a + bλ+
∫ ∞
0
(1− e−sλ) µ(ds)
where a, b ≥ 0 and ∞0 (1 ∧ s) µ(ds) <∞.
Since (*) is a lower estimate, we can always assume that a = b = 0. Set
ψ2(ξ) := 12 ⟨Qξ, ξ⟩ + i⟨b, ξ⟩ +
∫
z≠0

1− e−i⟨ξ,z⟩ + i⟨ξ, z⟩1{|z|≤1}

×
[
ν(dz)− f (|z|
−2)
|z|d dz
]
ψ1(ξ) := ψ(ξ)− ψ2(ξ) =
∫
z≠0

1− e−i⟨ξ,z⟩ + i⟨ξ, z⟩1{|z|≤1}
 f (|z|−2)
|z|d dz.
Because of (*), both |z|−d f (|z|−2) dz and ν(dz)− |z|−d f (|z|−2) dz are Le´vy measures and ψ1
and ψ2 are, therefore, characteristic exponents of Le´vy processes Yt and Z t , respectively.
We will now show that ψ1(ξ) = g(|ξ |2) for some Bernstein function g, i.e. Yt is a subordinate
Brownian motion: Yt = Bgt . Because of the rotational invariance, we get
ψ1(ξ) =
∫
z≠0

1− e−i⟨ξ,z⟩ + i⟨ξ, z⟩1{|z|≤1}

|z|−d f (|z|−2) dz
=
∫
z≠0

1− cos ⟨ξ, z⟩ |z|−d f (|z|−2) dz
=
∫
y≠0

1− cos (y1|ξ |)
 |y|−d f (|y|−2) dy
=
∫
y≠0

1− cos y1
 |y|−d f  |ξ |2|y|2

dy
where y = (y1, . . . , yd). In the third equality, we used the following change of variables: z =
A⊤ξ y where Aξ is an orthogonal matrix such that Aξ ξ = |ξ |e1. This shows that ψ1(ξ) = g(|ξ |2)
with
g(r) =
∫
y≠0
(1− cos y1) |y|−d f

r
|y|2

dy.
Since r → f (r/|z|2) is, for every z ∈ Rd , a Bernstein function, so are all integral mixtures
(cf. [2, Corollary 3.7]), and we see that g is also a Bernstein function. Since f is increasing, we
find
g(r) ≥
∫
0<|y|≤1
(1− cos y1) |y|−d f

r
|y|2

dy ≥ c f (r)
where c = 0<|y|≤1(1− cos y1) |y|−d dy is an absolute constant.
We will now show how to correct the arguments in [3,1].
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2. Correction of [1, page 1212]
Replace lines 3–14 of [1, page 1212] by:
We first suppose that the Le´vy measure X t satisfies
ν(dz) ≥ |z|−d f (|z|−2) dz. (3.14)
Then, by the argument in the previous section, Section 1,
X t = Z t + Bgt
where Bgt is a subordinate Brownian motion corresponding to the Bernstein function g and Z t
is a Le´vy process with symbol ψ2(ξ). Since g(r) ≥ c f (r), Theorem 1.1 is a consequence of
Proposition 2.9 using the decomposition X t = Z t + Bgt :
‖Pt (x, ·)− Pt (y, ·)‖Var ≤ |x − y|√
2π
∫ ∞
0
1√
r
e−tg(r) dr
≤ |x − y|√
2π
∫ ∞
0
1√
r
e−tc f (r) dr.
3. Correction of [3, page 474]
In F.-Y. Wang’s notation η1 = −ψ1, η2 = −ψ2 and S(r) = f (r). The negative sign is due to
a different convention in the Le´vy–Khintchine formula.
Replace lines 5–20 of [3, page 474] by:
We shall first consider the case where r0 = ∞ then pass to finite r0 by using Theorem 3.1.
(I) For r0 = ∞, i.e.
ν(dz) ≥ |z|−d f (|z|−2) dz. (4.1)
Then η1(u) := −ψ1(u) and η2(u) := −ψ2(u) provide two Le´vy symbols. Using the argument in
Section 1 we see that η2(u) = −g(u2) for the Bernstein function g,
g(r) =
∫
y≠0
(1− cos y1) |y|−d S

r
|y|2

dy.
Let Pgt be the semigroup of the Le´vy process with Le´vy symbol −g(| · |2), and let P˜gt be the
one with Le´vy symbol η2. Since we can assume that the corresponding Le´vy processes are
independent, we have
Pt = Pgt P˜gt . (4.2)
Since Pgt is the g-subordination of the semigroup generated by ∆ on Rd , according to
Corollary 2.2 for E = Rd and Z = 0,
‖∇Pgt f ‖∞ ≤ ‖ f ‖∞
∫ ∞
0
1√
2πr
e−tg(r) dr
≤ ‖ f ‖∞
∫ ∞
0
1√
2πr
e−tcS(r) dr = 1√
2π
α(ct) ‖ f ‖∞. (4.3)
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